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Abstract 
When the stagnation temperature of a perfect gas increases, the specific heat ratio does not remain constant any more, and start to 
vary with this temperature. The gas remains perfect, its state equation remains always valid, except it will name in more calorically im-
perfect gas or gas at High Temperature. The goal of this work is to trace the profiles of the supersonic Minimum Length Nozzle with 
centered expansion when the stagnation temperature is taken into account, lower than the threshold of dissociation of the molecules and 
to have for each exit Mach number several nozzles shapes by changing the value of the temperature. The method of characteristics is 
used with a new form of the Prandtl Meyer function at high temperature. The resolution of the obtained equations is done by the second 
order of finite differences method by using the predictor corrector algorithm. A study on the error given by the perfect gas model com-
pared to our model is presented. The comparison is made with a calorically perfect gas for goal to give a limit of application of this 
model. The application is for the air. 
Keywords: supersonic flow; minimum length nozzle; calorically imperfect gas; interpolation; Prandtl Meyer function; stretching function; 
Simpson quadrature; supersonic parameters; conception; method of characteristics 
1  Introduction 
Traditionally, the supersonic nozzle is devided 
in two parts. However, the supersonic portion is 
independent of the upstream conditions of the sonic 
line. We can study the subsonic portion independ-
ently. The latter is used to give a sonic flow at the 
throat. In this paper, we will study a type of nozzle 
giving a paralel and uniform flow at the exit section. 
It is named by Minimum Length Nozzle (MLN) 
with centered expansion, which gives the minimal 
length compared to the other existing types. There 
are two categories for this nozzle according to the1 
sonic line. If the sonic line is a straight line, the wall 
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at the throat generates a centered and divergent ex-
pansion waves. The second category has a curved 
sonic line. In this case the flow inside the nozzle 
does not center Mach lines. This type is named by 
MLN with curved sonic line. 
Both types exist for two-dimensional and axi-
symetric flows resulting in four possible configura-
tions. The MLN with right sonic line is studied in 
Refs.[1-5]. Ref.[6] studied the MLN axisymmetric 
with right sonic line. Ref.[7] presents the first com-
plete analysis of the two-dimensional curved sonic 
line MLN. 
Fig.1 sketches a straight sonic line MLN. The 
flow between the throat OA and the downstream 
uniform flow consists of two regions. The area OAB, 
named by region of Kernel, it is non-simple waves 
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region. The transition region ABE is a simple wave 
region an its solution can be obtained analytically[8]. 
 
Fig.1  Flow field presentation in the MLN 
The triangular region BSE is a region of a uni-
form flow having exit Mach number MaE. In this 
case, the wall at the throat is tilted of an angle θ*. 
The application of the MLN configuration with 
straight sonic line is limited for the gazodynamics[9], 
where only the two-dimensional nozzle with straight 
sonic line is used. 
However, the hypersonic blowers and the 
rocket motors use the axisymmetric nozzle. The 
study in this research is limited for the 2D MLN 
configuration with straight sonic line. The works 
discussed before were realized for the case of a per-
fect gas (PG) to specific heat constant pressure CP 
and specific heat ratio γ. Those works are limited for 
low temperature  stagnation, where we can go up 
to 1 000 K and for exit Mach numbers which do not 
exceed MaE=2.00 approximately. In the real case, 
CP and γ vary with the temperature. For the air and 
up to 3 550 K, the table of the variation is illustrated 
in Ref.[3]. The goal of this research is to add the 
effect of variation according to the temperature, of 
CP and γ on the supersonic nozzle design, lower 
than the threshold of dissociation. The perfect gas in 
this case is named in more by gas calorically imper-
fect and thermally perfect or gas at High Tempera-
ture (HT). In this case, the conservation equations 
remain unchanged except the energy equation. The 
thermodynamic relations for HT model were pre-
sented in Ref.[10], that of the Prandtl Meyer func-
tion is the goal of Ref.[11]. The characteristics and 
compatibilities Eqs.(1) and (2) remain always valid 
in this form. Here we need insert the developed 
Prandtl Meyer function[11] in the system to obtain 
our own valid mathematical model when the effect 
at high temperature was taken into account. Like 
results, the mathematical model developed in this 
research was a generalization of the characteristics 
equations model known in step badly of Ref.[8]. 
Generally, the results in the gazodynamics were ac-
cepted for an error about 5%. A polynomial interpo-
lation with the values of the table in order to find an 
analytical form for the function CP(T) was applied. 
The presented mathematical relations are valid in 
the general case independently of the interpolation 
form and the substance, but our results will be pre-
sented by the choice of an interpolation of a poly-
nomial of 9th degree[10]. The selected substance was 
the air. The comparison was made with the calori-
cally PG model for goal to determine the limit of 
application of this model. A study on the error given 
by the PG model was presented in this case. 
2  Mathematical Formulation 
For a supersonic flow, irrotational, 2D of a 
perfect gas, the method of characteristics gives the 
following equations[1] 
According to ξ (1-3)    
d 0
d / d tan
(ν θ)  
y x (θ μ)
+ =
= −
⎧⎪⎪⎨⎪⎪⎩
  (1) 
According to η (2-3)  
d( ) 0
d / d tan ( )
ν θ   
y x θ μ
− =
= +
⎧⎪⎪⎨⎪⎪⎩
   (2) 
Eqs.(1) and (2) are valid on up-ward characteristics 
C - and down-ward characteristics C+ respectively. In 
the real case, the characteristics are curved, and if 
the grid is fine so that the points are close one to the 
other, we can approach the curve by a straight line, 
and the work becomes on the lines of Mach named 
byξ on C - and by η on C+. 
In Eq.(1) and Eq.(2), the Prandtl Meyer func-
tion of our HT model is given by[11]: 
2d ( ) ( ) /  [2 ( ) ] ( ) 1 dPν F T C T  H T Ma T  Tν= =− −  (3) 
where          ( ) 2 ( ) ( )Ma T  H T /a T=        (4) 
( ) ( )a T γ T  r T=             (5) 
T is temperature, H is enthalpy, a is speed of sound, 
r is constant of the gas, 
r =287.102 9 J/(kg·K) 
The interpolation coefficients of the polyno-
mial CP(T) as well as the function H(T) were pre-
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sented in Ref.[12]. Replacing Eq.(3) in Eq.(1) and 
Eq.(2), we obtain the mathematical model of the 
method of characteristics for HT model. 
As the function H(T) depends on the parameter 
T0[12], our mathematical model depends primarily on 
the stagnation temperature T0. The developed 
mathematical model is a system of differential equa-
tions of four unknowns (x, y, T,θ ). 
As C+ and C - are curved, the application of the 
method of characteristics obliges us to introduce a 
fine grid, in order to approximate each characteristic 
between two points by segments of straight lines. 
The properties (x, y, T, θ, ρ, P) of the point 3 of the 
Fig. 2(b) can be given from those of the points 1 and 
2 which connected it. We bring closer in this case 
the variation of the parameters y, θ and T travelling 
the segments connecting the points 1 and 2 and the 
points 2 and 3 by the following expressions 
θ13=Cθθ1+(1-Cθ)θ3    θ23=Cθθ2+(1-Cθ)θ3    (6) 
T13=CTT1+(1-CT )T3   T23=CTT2+(1-CT)T3   (7) 
y13=Cy y1+(1-Cy)y3    y23=Cy y2+(1-Cy)y3   (8) 
If the coefficients are equal to 0.5, we obtain 
the average value of the parameters. 
 
Fig.2  Various points of calculation 
2.1  Equations and procedure for an internal 
point 
The internal point flow field scheme is illus-
trated in the Fig.3(b). The integration of Eq.(1) and 
Eq. (2) gives: 
According to ξ (1-3): 
A13(T3-T1)+(θ3-θ1)=0          (9) 
y3-y1=C13(x3-x1)            (10) 
According to η (2-3): 
A23(T3-T2)-(θ3-θ2)=0          (11) 
y3-y2=C23(x3-x2)            (12) 
Where  
3 3 3 3
2( ) / [ 2 ( ) ] ( ) 1i i i iPA C T H T Ma T=− −  i=1,2 (13) 
C13=tan (θ13-μ13),    C23=tan(θ23+μ23)   (14) 
 
Fig.3  Calculation process of the characteristics in the 
Kernel region 
and      3 3arcsin (1/ )i iμ Ma=    i=1,2     (15) 
3 3 32 ( )  / ( )i i iMa  H T a T=     i=1,2     (16) 
3 3 3( ) ( )i i ia T γ T  r T=     i=1,2     (17) 
Eqs. (9), (10), (11) and (12) constitute a system 
of a nonlinear algebraic equations with four un-
knowns (x3, y3, T3, θ3). The successive iteration al-
gorithm is written: 
3 2 1 13 23( ) /  ( )x E E C C= − −         (18) 
y3=E1+C13x3              (19) 
3 1 2 13 23( ) /( )T D D A A= + +         (20) 
θ3 =D1 -A13T3             (21) 
Where 
E1=y1-C13x1,       E2=y2-C23x2         (22) 
D1=θ1+A13T1,    D2=-θ2+A23T2        (23) 
The Eqs.(18), (19), (20) and (21) give a system 
of equations of calculation by iterations for a su-
personic 2D flow, permanent and irrotational for our 
HT model. 
The resolution of the system was done by the 
predictor correcteur algorithm[9]. For the predictor 
algorithm, the initial values of yi3, Ti3 and θi3 (i=1,2) 
for the iteration K=0 are given by 
T13=T1,  θ13=θ1,  y13=y1         (24) 
T23=T2,  θ23=θ2,  y23=y2         (25) 
Substitute Eq.(24) and Eq.(25) in Eqs.(13), 
(14), (15), (16) and (17), and then in Eqs.(22) and 
(23), then replacing the results obtained in Eqs.(18), 
(19), (20) and (21) to obtain the initial values of 
0 0 0 0
3 3 3 3( )x , y , T , θ  in point 3. 
For the corrector algorithm, the values given 
by Eqs.(6), (7) and (8) are used and substituted in 
Eqs.(18), (19), (20) and (21) to obtain the new pa-
rameters values in point 3. The corrected values are 
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1 1 1 1
3 3 3 3( , , , )x  y  T  θ . 
The corrector algorithm will be repeated until 
arriving at the desired precision ε. For K iterations, 
it is necessary to satisfy the following condition to 
ensure the convergence: 
1 1 1
3 3 3 3 3 3Max
K K K K K K   y y   ,  θ θ   ,  T T       ε− − −− − − <⎡ ⎤⎢ ⎥⎣ ⎦  
(26) 
2.2  Equations for a symmetry axis point 
According to the Fig.2(c), the point 3 is on the 
symmetry nozzle axis. Like y3=0, θ3=0, the proce-
dure is simplified and a line of Mach ξ joining the 
points 1 and 3 is employed. The valid equations on 
this line of Mach are to be used and the values of x3 
and T3 are respectively obtained by the resolution of 
the algebraic Eqs.(9) and (10). We obtain 
 3 1 1 13( / )x x y C= −              (27) 
 3 1 1 13( / )T T θ A= +              (28) 
Once we determine the properties (x, y, T , θ) in 
an unspecified point 3, we can determine the Mach 
number Ma3 by replacing T=T3 in Eq.(4). The density 
can be determined by the following relations[12] 
0 2
3
( )  /  ( )  d
03
/
T
P
T
 C T a T Tρ ρ −= ∫e       (29) 
3  Calculation Procedure in the Nozzle 
3.1  Region of Kernel 
The flow calculation in the Kernel region be-
gins at point A of Fig.1. The initial expansion angle 
θ * is connected to MaE by the following relation[1]: 
θ*=υE/2          (30) 
where[11]           * ( )d
E
T
E T vF T Tν = ∫       (31) 
The calculation process of *T and TE is pre-
sented in Ref.[10]. Let us substitute the values of  
*T and TE in Eq.(31) to obtain the value of Eυ  and 
consequently, we can obtain *θ corresponding to 
MaE. The integration procedure of Eq.(30) is pre-
sented in Ref.[11]. 
There is an infinity of Mach waves which result 
from the point A and which reflected on the symme-
try axis. Numerical calculation obliges us to discre-
tizing the flow zone expansion 0≤θ≤θ* in a finite 
number N of points. In total, we obtain N+1 C- in-
cluding. Between two regular successive character-
istics, we choose 
Δθ =Δν =θ */N             (32) 
Eq.(32) gives a uniform grid for the end C- 
of the Kernel region and a broad space and 
non-uniform grid for the first C+ . Consequently, 
the wall contour right after the throat will be 
badly presented. To correct this problem, we 
choose, a grid refinement by insertion of addi-
tional C between the sonic line and the first 
regular C-. The distribution of the inserted C- is 
given by introducing the following condensation: 
νi =(i/Ni)δΔν,     i=1, 2 ,…, Ni     (33) 
The calculation procedure in the Kernel region 
is presented in Fig.3. In first place, we determine the 
properties as in point 1 of the Fig.3(a). In this point, 
we have x1=0, y1=yA= *y =1 and θ1= ν1 by using 
Eq.(33) if we choose a grid with condensation, and 
is equal to θ1=Δθ by using Eq.(32) if the grid is 
without condensation. Temperature T1 must be de-
termined by the resolution of the following equa-
tion[11]: 
 
 1 1
( )dv
T*
Tθ F T T= ∫          (34) 
The resolution procedure of Eq.(34) is pre-
sented in Ref.[11]. We proceed then to the determi-
nation of the properties in point 3 of Fig.3(a) by 
using the procedure of the symmetry axis point. We 
pass to second C -, and the calculation starts with the 
determination of the properties in point 1 of the  
Fig.3(b). In this point we always have x1=0 and 
y1=yA, but θ1=ν2 or θ1=2Δθ according to the grid is 
with or without condensation. The determination of 
T1 is always done by resolution of Eq.(34) with the 
new value of θ1. We consequently pass to the de-
termination of properties as in point 3 of the Fig.4(b) 
by using the internal point procedure. Let us stop 
calculation on this C- by the determination of the 
properties as in point 3 of the Fig.3(c) by using the 
symmetry axis point procedure. Once that we arrive 
at the symmetry axis point, the C- concerned is com-
pletely calculated. We pass to the third C-. Each 
characteristic starting from the third, contains 3 
points types. The first, is point 1 confused with 
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point A, a point 3 on the symmetry axis as the 
Fig.3(f) shows it, and the remainder points are of 
internal point type. Each type requires a different 
procedure as presented. The flow calculation in the 
Kernel region stops if calculation according to all N 
characteristic selected at the beginning is com-
pleted. 
 
Fig.4  Process of determination of the wall points 
3.2  Wall contour 
The wall contour determination is done ac-
cording to the process presented on Fig.4. The 
computing process has the recurrence continuation 
form, and calculation does not depend on the con-
sidered downstream results of the point. If we know 
the properties in a point, it is easy to determine 
those of the adjacent point and live towards that up 
to the exit section point. 
The nozzle wall passes by point A. In this point, 
we have Ax =0.0, yA= *y , MaA=
*Ma  and Aθ = *θ . 
The value of Ma* is equal to the Mach number in 
point A right after expansion and corresponding to 
the Mach number at the first point on last C-, to see 
Fig.1. 
The flow properties on each rising Mach line in 
the transition ABE area are constant, then the pa-
rameters (T,θ , Ma, P, ρ )on the wall points Pi (i=1, 
2,…,N) are known and it remains us that to deter-
mine only the positions (x, y) of each points. The 
Mach line rising in this region represent a portion of 
the isoMach curves. 
Fig.5 presents a general outline to determine 
the necessary equations for obtaining the position of 
point Pi. The slope of a panel numbring (i-1) be-
tween the points i-1 and i is approximated by the 
angle ( 1)iα −  illustrated on this figure. The position 
of point Pi can be determined by the following rela-
tions 
( 1)1 1
( 1)
( 1)1 1
tan( ) tan( )
tan( ) tan( )
         ( ) tan( )
                     2, ,
i P P i i i ii i
Pi i i i
P P P P ii i i i
y y x x
x
y y x x  α
i N
α θ μ
α θ μ
−− −
−
−− −
− + − +
= − +
= + −
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
= "
 (35) 
 
AB: Last left running characteristic of the zone of Kernel 
Fig.5  Presentation of calculation parameters of point 
Pi(i=2, 3, 4,…,N) of the wall 
For =1i , we have 
*1 1
0.0,  .P Px y y= =  
When i=N, we obtain the position of the last 
wall point  which represents the exit section point. 
Then, in non-dimensional form, we have 
E PN
x x= ,   E PNy y=  
The exit section ray corresponding to the dis-
cretization of N points is given, in non- dimensional 
form, by 
/  /  * *(calculated)  E PNy y y y=     (36) 
The numerical results comparison obtained 
will be made between the ray of the exit section 
numerically calculated and the theoretical stan-
dardized critical sections ratio (
*
y =1.0) presented 
by the following formula illustrated in Ref.[12]. 
2( )  /  [ ( ) 2 ( )  ] d
* */ /
T*
PTE
 C T a T H T   T
EEy y A A e
−= = ∫   (37) 
where A is section area. 
It is very interesting to determine curves in the 
flow field of the nozzle, having even physical prop-
erties. These curves are called by iso values curves. 
Most interesting are isoMach and the Iso directions 
curves. Let us note here, that the curves iso pres-
sures, iso temperatures are same as the isoMachs 
curves. 
3.3  IsoMachs curves 
Let Maiso the value of the Mach number that an 
internal whole of points in the nozzle must have, 
which we must determine their positions. We can 
have three cases, illustrated in Fig.6. 
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Fig.6  Various points segments of the isoMach curves 
 
Fig.7  Presentation of the wall segment 
The properties (x, y, Ma) in the points G and D 
are known and the problem is to determine the posi-
tion (xP, yP) of point P having MaP=Maiso. 
The segment containing the point P must check 
the following condition: 
 (Maiso-MaG)(Maiso-MaD)≤0       (38) 
To determine the position of point P, we con-
sider a linear variation Ma(S)=αS+β on the segment 
GD. Since, if S=0, we have Ma(S)=MaG and if 
S=SGD (distance between points G and D), we have 
Ma(S)=MaD. The relation Ma(S)=MaP=Maiso is 
checked when S=SGP=Siso. Then, the distance be-
tween points G and P is given by 
iso
2 2
( ) /( )
( ) ( )       
GP G D G
G D G D
S Ma Ma Ma Ma
x x y y
= − − ⋅
− + −     (39) 
The position (xP, yP) can be determined by 
xP=xG+SGP   cos(θGD)      (40) 
yP=yG+SGP   sin(θGD)      (41) 
with  arctan[ ( ) /( ) ]GD D G D Gθ   y   y x   x= − −      (42) 
For the iso-direction curves we make the re-
search of points on the basis of the flow angle de-
viation. 
3.4  Mass of the nozzle structure 
The wall segment numbing ( j) is illustrated in 
Fig.7. To manage to calculate the mass of the nozzle 
structure, we consider the two following assump-
tions: 
z The shape of the wall between two successive 
points is approximated by a straight line. 
z The divergent structure is made up of the same ma-
terial of constant thickness tM and density Mρ . 
The calculation of the mass of structure de-
pendent on  the curvilinear length wall calcula-
tion. Then, per unit of depth and in 
non-dimensional form, we obtain: 
1 2
1 * *1M M *
2
1 * *
Mass
( / / )
  
( / / )
[
       ]
N
jj
j
jj
x y x y
t A
y y y y
ρ
−
+=
+
= − +
−
∑
   (43) 
3.5  Pressure force exerted on the divergent 
wall 
To calculate the pressure force exerted on the 
wall, it is still supposed that the pressure ex-
erted on segment ( j) of Fig.7, named by ( )jP , is 
approximated by 
( ) 1( 1 )jj j P  P Pα α += + −        (44) 
then         ) ( ) ( )(   j j jF  P S=             (45) 
For the applications, we take α =0.5. 
The axial pressure force exerted on the panel 
( j), per unit of depth, is given by 
( ) 1( ) ( )  x j j jjF   P y y l+= −          (46) 
where l is depth of nozzle. Then, the axial pres-
sure force Fx exerted on the complete wall, is in 
non-dimensional form, given by 
 0 0 ( ) 1 ** *
1
1
( ) 2 ( ) ( )x j j j
N
j
F / P y l P/P  y /y y /y+
−
== −∑   (47) 
3.6  Error of the PG model 
The mathematical PG model is developed on 
the basis to consider CP and γ as constants, which 
gives acceptable results with a certain error for 
weak stagnation temperature. According to this 
study, a difference between the results given by the 
PG model and our model will be presented. The 
error given by the PG model compared to our model 
can be calculated for each design parameter. Then 
for each couple (T0, MaE), the relative error ε can be 
evaluated by: 
PG
parameter
HT
Parameter
% 1   100
Parameter
ε = − ×   (48) 
The word parameter in Eq.(48) can represent all 
design parameters, in particular, the length, the mass, 
the pressure force and the ratio of the critical sections.  
4  Results and Comments 
We have to prefer the presentation in each fig-
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ure, three curves for the HT model corresponding to 
T0=1 000 K, 2 000 K and 3 000 K including the PG 
model for γ =1.402. 
Fig.8 presents a characteristics grid with and 
without condensation effect. In this figure, we take 
an example for T0=1 000 K and MaE=3.00 which 
give θ*=25.88°, and make the tracing of 6 cases 
for different use. 
Fig.8(a) presents a large grid without conden-
sation, for N=10. We notice that the nozzle wall is 
badly presented in the vicinity of the throat, as well 
as a broad space between the sonic line and first 
regular C -. 
Fig.8(b) contains a grid with moderated re-
finement for N=100, without condensation. We al-
ways notice, in spite of the number of point is raised 
enough, the wall shape in the vicinity of the throat is 
badly introduced still. But the bad presentation is 
less compared to the Fig.8(a). Here the distance 
between the sonic line and the first regular C- is de-
creased a little but remains large compared to the 
other distances between successive C -. 
Fig.8(c) presents a large grid with additional 
inserted C - between the sonic line and the first 
regular C -. The example presented is for N=10, 
Ni=5 and δ=2. The nozzle is presented by 15 
points. It is noticed that in spite of the characteris-
tics number is weak, we will have a good wall 
presentation in the vicinity of the throat, or even 
on the horizontal axis in the vicinity of the throat. 
We can see the difference, let us look at the Figs. 
8(a) and 8(c) of it. 
In Fig.8(d), we take the same C- number and 
the same unserted C- compared to the Fig.8(c), but 
we change the coefficient δ , which is equal to 7 in 
this case. The nozzle will be presented with the 
same number of points as to the Fig.8(c) except here, 
the wall in the vicinity of the throat will be pre-
sented in a very good way, which gives the utility of 
the condensation function. 
In Fig.8(e), we present a rather fine grid with 
N=100, Ni=10 and δ =2. In this figure, it is well 
presented at the throat. 
It can be seen that it is not forcing if the num-
ber of nozzle points is large, we will have a good 
presentation. Here the factor of the wall points pro-
vision influences the obtained nozzle shape. In other 
words, we can design a nozzle with a moderated 
number of points, if we  use the condensation 
function and insertion of the additional characteris-
tics between the sonic line and first regular C -. 
4.1  Effect of T0 on the nozzle contour 
Fig.9(a) takes the obtained nozzle form for MaE= 
2.00. This Figure contains 4 curves, three for HT 
model for T0=1 000 K, 2 000 K and 3 000 K includ-
ing the case of PG model for γ =1.402, presented 
by curve 1. We can notice here a small differences 
between the four curves. 
Let us increase the exit Mach number for the 
values MaE=3.00, 4.00, 5.00 and 6 00, and for each 
Mach number, we make the tracing of the obtained 
nozzles shapes, presented respectively on cases of 
Figs.9(b)-9(e). 
 
Fig.8  Grids in characteristics 
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1—PG( γ =1.402)    2—HT(T0=1 000 K) 
3—HT(T0=2 000 K)   4—HT(T0=3 000 K) 
Fig.9  Shapes of the nozzle giving at the exit ME 
 
Between the presented figures, we can say that 
if T0 increases, the error between the PG model and 
HT model increased and becomes considerable if 
T0>1 000 K, independently of the MaE, or when 
MaE>2.00 for any value of T0. This limit can be 
found if we choose an error ε lower than 5%. 
Before the filling the Fig.9, we made a study 
on the discretization of the wall by increasing the  
number N and variation of Ni and δ values, and each 
time we determine the dimensioning parameters and 
we calculate the relative error given by the 
non-dimensional exit ray by using Eq.(49) until sat-
isfying an accuracy of 10-4. 
E *
( / ) computed Theoretical* *
%  1 ( / ) ( / ) 100/y y E Ey y y yε = − ×  
 (49) 
The calculated and theoretical E */y y ratio are 
given by Eqs.(36) and (37). It is noticed that the 
length of Kernel, the length of nozzle, the mass of 
structure and the pressure force converge before the 
convergence of the exit section ray. This property is 
an advantage in order to control only the conver-
gence of the exit ray. We still notice, that the pa-
rameters converge by a decreasing way. 
4.2  Results on the design parameters 
Fig.10 presents the variation of the initial ex-
pansion angle θ * versus to MaE. We notice the in-
fluence of T0 on the value of θ * which goes influ-
ences the shape of the nozzle. Thus, if T0 increases, 
more there is opening of the wall at the throat. The 
curves are almost confused until MaE=2.00, then 
start to differentiate. 
Fig.11 presents the variation of the length of 
Kernel region versus to MaE. Here, more the nozzle 
delivers a raised exit Mach number, more the length 
 
 
Fig.10  Variation of θ* at the nozzle throat versus to MaE 
 
Fig.11  Variation of the length of Kernel zone versus to MaE 
of the Kernel zone will be high. The goal to present 
this variation is that starting from this length, we 
can deduce the length of the nozzle directly without 
making the flow calculation in the zone of transition. 
Always we notice that the four curves merge with 
low Mach number until approximately MaE=2.00. 
From this value, the four curves start to differentiate, 
and between curves 1 and 2 corresponds to PG 
model and HT model for T0=1 000 K, we can say 
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that the theory of a perfect gas gives good results if 
this condition is checked. 
The length of nozzle L can be given from the 
length of Kernel Ld by the following relation 
2
d E 1      * * E *L /  y  L /  y  (  A /  A )  Ma  = + −      (50) 
The ratio of the sections in this relation must be 
calculated by Eq.(37). 
Fig.12 represents the variation of the length of 
nozzle versus to MaE. We always notice the influ-
ence of T0 especially if this value exceeds 1 000 K. 
Fig.13 represents the variation of the mass of the 
nozzle structure in non-dimensional form versus to 
MaE. If MaE <2.00 approximately, the temperature 
T0 does not present any influence on the mass of the 
structure. 
 
Fig.12  Variation of the length of the nozzle versus to MaE 
 
Fig.13  Variation of the mass of the structure versus to MaE 
Fig.14 represents the axial pressure force pro-
duced by the divergent supersonic one.  
 
 Fig.14  Variation of the pressure force versus to MaE 
Always, T0 influences on all dimensionneing 
parameters. Here the variation is standardized to 
determine a standard curves which will be valid in 
the general case. 
4.3  Results on the error of perfect gas model 
Fig.15 represents the variation of the relative 
error expressed as a percentage, given respec-
tively by the length of the nozzle, the mass of the 
structure and the pressure force for the PG model 
compared to HT model for some values of T0. 
 
1—Error compared to HT model  for (T0=3 000 K) 
2—Error compared to HT model  for (T0=2 000 K) 
3—Error compared to HT model  for (T0=1 000 K) 
Fig.15  Variation of the relative error given by the design 
parametrs of the PG model versus to MaE 
 
It is noticed clearly that the error depends on 
the values of T0 and MaE, and increases if T0 in-
creases. For example if T0=2 000 K and MaE=2.50, 
the use of the PG model give a relative error ε=10% 
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for the length of the nozzle, ε=10% for the mass of 
the structure, and  ε=13% for the pressure force. 
We can notice that for low value of MaE and T0, the 
ε error is weak. In these figures, curve 3 is under the 
part of the error 5%. This position is interpreted by 
the use potential of PG model until T0=1 000 K for 
the aeronautical applications. But if T0 is raised, the 
error increases progressively and in this case, we 
can independently use the PG model at the tem-
perature T0 if MaE does not exceed 2.00 with an er-
ror of approximately 10%. 
4.4  Various results 
Fig.16 represents the isoMach curves determi-
neted by the method of characteristics. It is noticed 
that the isoMach curves in the zone of transition are 
straight lines. The flow begins with entered 1D and 
ends in an exit 1D, but through the nozzle, the flow 
is 2D. 
 
Fig.16  IsoMach curves determined by the method of char-
acteristics 
Fig.17 represents the iso directions curves. The 
points which has a null direction are the points of 
the throat, the horizontal axis and the all points of 
triangular uniform region. This figure also shows 
that the flow is two-dimensional. 
 
Fig.17  Isodirections curves determined by the method of 
characteristics 
Fig.18 represents the forms of four nozzles 
having all same exit section. Curves 1, 2 and 3 are 
for the HT model respectively for T0=1 000 K, 
2 000 K and 3 000 K. Curve 4 correspondents to the 
PG model. The exit ray of the four curves corre-
sponding to the case of PG model for MaE=3.00. We 
can show that they do not deliver the same Mach 
number MaE starting from the relation Eq.(4). The 
goal to present this figure is that if we consider the 
nozzle dimensioned on the basis and the assump-
tions of a PG model for the aeronautical applica-
tions, we can notice the degradation of the per-
formances, in particular the exit Mach number and 
the others parameters, considering the nozzles 
have almost same size and form, except a small 
difference in length. The flow in this difference in 
length is almost uniform. The shape of the nozzle 
used does not change except the thermodynamic 
behavior of the air with the temperature. 
 
1— MaE (HT T0=3 000 K)=2.81 212 
2— MaE (HT T0=2 000 K)=2.843 23 
3— MaE (HT T0=1 000 K)=2.939 80 
4— MaE (PG γ =1.402)=3.000 00 
Fig.18  Nozzles having same exit sections ratio giving 
       MaE=3.00 for the PG model 
For example, if the nozzle delivers MaE=3.00 
on the assumption of PG model, it will deliver, on 
the consideration of HT model, MaE,HT=2.93, 
MaE,HT=2.84 and MaE,HT=2.81 respectively if T0=  
1 000 K, T0=2 000 K and T0=3 000 K. Between the 
case of PG model and HT model, when T0= 2 000 K, 
the fall of MaE is equal approximately to 5.2 %. 
5  Conclusions 
From this study, we can quote the following 
points: 
If we accept an error lower than 5% which is 
generally the case for the aerodynamic applications, 
we can study a supersonic flow by using the PG 
relations if T0 is lower than 1 000 K for any value of 
Mach number, or when the Mach number is lower to 
2.00 for any stagnation temperature value up to ap-
proximately 3 000 K. 
The PG model is represented by a simple and 
explicit relations, and it does not need high time to 
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make calculation, which is not the case for our 
model, where it is represented by the resolution of a 
nonlinear algebraic equation and integration of two 
complex analytical functions requiring a calculation, 
and high time and data-processing programming. 
The basic variable for our model is the tem-
perature, and for the PG model is the Mach number, 
because of a nonlinear implicit equation connecting 
the parameters T and Ma. 
The relations presented in this study are valid 
for any interpolation type chosen for the function 
CP(T). The essential one is that the selected interpo-
lation gives an acceptable small error. 
We can choose another substance instead of the 
air. The relations remain valid, except here, it is 
necessary to have the table of CP and γ variation 
according to the temperature and to make a suitable 
interpolation. 
We can obtain the relations of a perfect gas 
starting from the relations of our HT model by 
cancelling all the constants of interpolation of 
function CP(T) except the first. In this case, the PG 
model becomes a particular case of our HT model. 
We can use the Prandtl Meyer function of our model 
to solve problems of the external flows in a hot me-
dium. In particular, the flow around a supersqonic 
pointed airfoil. 
The convergence of the Eq.(26) requires more 
iterations for the HT model compared to the PG 
model for same precision ε. The difference between 
the iteration count that exist between the two mod-
els is approximately 40 %, which influences over 
the computing time per computer. 
For same precision ε, the number of character-
istics N necessary for HT model is higher than the 
number of characteristics for the PG model. This 
difference is due to the difference in length which 
requires more discretization. 
The ratio of the critical sections presented by 
the Eq.(37) can be used like a source of comparison 
for validing the numerical results of various super-
sonic nozzles dimensioned, giving an uniform and 
parallel flow at the exit section by the method of  
characteristics, and the Prandtl Meyer func-
tion[4,10,14]. 
The design method and calculation in the noz-
zle is the same one between the two models except 
the equations of calculation changes in particular 
the Prandtl Meyer function. 
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